
 
Diagonalization

As mentioned earlier an hxn matrix D is a dial
matrix if all the entries off the diagonal are 0

That is

D µ iqnJ diagGiAz Ah

Ex
fo diag i 2,5

8 E diag 0,2

calculations w diagonal matrices are easy
if D diag X Tn E d sdn then

D t E diag X th Tn th

DE diag 2,4 Andn

detD 2,72 In

Def An hxn matrix A is diagonalizable if

P AP is diagonal for some hxn invertible

matrix P P is called a difigmatrix for A



We can describe when A is diagonalitableusing
eigenvectors

theorem let A bean hxn matrix

1 A is diagonalizable if and only if it has

eigenvectors Ii In such that the matrix

D I I In is invertible
co
columns

2 In this case P AP diag 7,72 Tn where

for each i Ai is the eigenvalue corresponding
to Ii
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Eigenvalues 2 5 22 3 13 2
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Eigenvectors tf t to

or equivalently C Ig t to



Take P f det p 1 s t 1

so P is invertible
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o 5 O

f g iff ft f diagca.az H

In each of the examples we've seen so far each eigenvalue
has had only one basic eigenvector Here's an example
where that's not the case
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x x 2 l t 1 x 1 l 1 t x

x x 1 x l x I x ti

Cx ti x x l l l

x ti x
2 X 2

x ti x 2 x t l

x 1 2 x 2

So X I 22 2 are the two eigenvalues

Ei Ip
solution
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So D
and P AP diag fl 1,2

Def An eigenvalue of A has multiplicity m if it occurs

m times as a root of CA x

In the above example X 1 has multiplicity 2 and

Xz 2 has multiplicity 1 7 had 2 basic eigenvectors
and 72 had 1

theorem A is diagonal izable if and only if every
eigenvalue 7 of multiplicity m has exactly
in basic eigenvectors i e the solution of
AI A I has exactly m parameters

Then An nxn matrix w h distinct eigenvalues is

diagonalizable

How to diagonalize a matrix
mm

A an mxn matrix

Find eigenvalues of A roots of calx det xI A

Find basic eigenvectors for each eigenvalue
basic solutions of AI A 5 8



A is diagonalizable if and only if there are a total of

n basic eigenvalues

If A is diagonalizable then P AP is diagonal
multiplesof

P matrix w basic eigenvectors as columns
and P AP has diagonal Corr eigenvalues

EI A o x Det T x D2

eigenvalue 7 1 mutt 2

iii it L to L 3
solution t

o only 1 basic eigenvector
so A is not diagonal izable

EI A fo f x det 7 x 1

No real roots so no veal eigenvalues so A is hot

diagonalizable

Birdpop.pe
we can now finish the example from the beginning
of the section
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Tnt A tie where A f of
we want to compute Akio

First we diagonalize A

x det XI A det
Z 44 x x K Yz
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x 1 x Yz

eigenvalues X l X Yz 2 distinct eigenvalues
diagonalizable

I's 4194 II
eigenvectors i t Y or t for convenience

Et 1 14 il
eigenvectors t Yt or t ft
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P T fill



so P AP
o
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A PDP

So we can finally do our computation
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So for example after 5 years



as a 72 5 and js I 50

In the long run as he gets large Ya O so

The adult pop stabilizes at 2230 273.3 and
the juvenile pop at 4430 2 146.7
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